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Abstract
The aim of this paper is to introduce the notion of restricted Hom-
Lie superalgebras. This class of algebras is a generalization of both
restricted Hom-Lie algebras and restricted Lie superalgebras. In this
paper, we present a way to obtain restricted Hom-Lie superalgebras
from the classical restricted Lie superalgebras along with algebra en-
domorphisms. Homomorphisms relations between restricted Hom-Lie
superalgebras are defined and studied. Also, we obtain some proper-
ties of p-maps and restrictable Hom-Lie superalgebras.
Keywords: Hom-Lie superalgebra; Restricted Hom-Lie superalgebra; p-
map; Restrictable Hom-Lie superalgebra; Morphism.
1 INTRODUCTION
Hom structures including Hom-algebras, Hom-Lie algebras, Hom-Lie super-
algebras, Hom-Lie color algebras, Hom-coalgebras, Hom-modules, and Hom-
Hopf modules have been widely investigated during the last years. The mo-
tivations to study Hom-Lie structures are related to physics and to deforma-
tions of Lie algebras, especially Lie algebras of vector fields. The Hom-Lie
algebras were firstly studied by Hartwig, Larsson, and Silvestrov in [5]. Later,
Hom-Lie superalgebras are introduced by Ammar and Makhlouf in [1]. Also,
Hom-Lie color algebras, which are the natural generalizations of Hom-Lie
algebras and Hom-Lie superalgebras, are studied by Yuan ([14]). However,
the notion of restricted Hom-Lie algebras was introduced by Guan and Chen
([4]).
The Lie superalgebras were originally introduced by Kac ([6]). Later, when
1
charF = p > 0, Lie superalgebras were studied, and also the notion of re-
stricted Lie superalgebras was introduced ([7, 15]). In the present work, we
introduce the notion of restricted Hom-Lie superalgebras.
The article is organized as follows. In Section 2, we review some definitions,
notations, and results in [1, 3]. In Section 3, we introduce the definition of
restricted Hom-Lie superalgebra. We provide some properties and their rela-
tionships with restricted Hom-Lie superalgebras. As a result, we show that
it is enough to know how a p-map behaves for inputs from any basis of the
domain. In Section 4, We study the direct sum of (restricted) Hom-Lie su-
peralgebras. In Section 5, we study the homomorphisms between restricted
Hom-Lie superalgebras. In particular, we show how arbitrary restricted Lie
superalgebras deform into restricted Hom-Lie superalgebras via algebra en-
domorphisms. Also we discuss the images as well as preimages of restricted
Hom-Lie subsuperalgebras under homomorphisms. The restrictable Hom-Lie
superalgebras are defined and studied in Section 6.
2 Preliminaries
Let F be the ground field of characteristic 6= 2, 3. A linear superspace V over
F is merely a Z2-graded linear space with a direct sum V = V0 ⊕ V1. The
elements of Vj, j ∈ {0, 1}, are said to be homogeneous of parity j. The parity
of a homogeneous element x is denoted by |x|. Suppose that V = V0 ⊕ V1
and V ′ = V ′0 ⊕V
′
1 are two linear superspaces. A linear map α : V → V
′ is an
even if α(Vj) ⊆ V
′
j for j ∈ {0, 1}.
Definition 0.1 ([1]) A Hom-associative superalgebra is a triple (A, µ, α)
where A is a linear superspace, µ : A × A → A is an even bilinear map,
and α : A→ A is an even linear map such that
µ(α(x), µ(y, z)) = µ(µ(x, y), α(z)).
AHom-associative superalgebra (A, µ, α) is called multiplicative if α(µ(x, y)) =
µ(α(x), α(y)) for all x, y ∈ A.
Definition 0.2 ([1]) A Hom-Lie superalgebra is a triple (L, [ , ], α) where
L is a linear superspace, [ , ] : L × L → L is an even bilinear map, and
α : L → L is an even linear map such that the following identities satisfied
for any homogeneous x, y, z ∈ L.
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(i) Super skew-symmetry:
[x, y] = −(−1)|x||y|[y, x].
(ii) Hom-superJacobi identity:
(−1)|x||z|[α(x), [y, z]] + (−1)|z||y|[α(z), [x, y]] + (−1)|y||x|[α(y), [z, x]] = 0.
Example 0.1 ([1]) Any Hom-associative superalgebra A, with the bracket
[x, y] = µ(x, y)− (−1)|x||y|µ(y, x)
for any nonzero homogeneous x, y ∈ A, is a Hom-Lie superalgebra, which
will be denoted by A(−).
It is clear that Lie superalgebras are examples of Hom-Lie superalgebras by
setting α = idL. A Hom-Lie superalgebra is called a multiplicative Hom-Lie
superalgebra if α is an even homomorphism (that is, α([x, y]) = [α(x), α(y)]
for all x, y ∈ L). A subspace H ⊆ L is called a Hom-Lie subsuperalgebra if
α(H) ⊆ H and H is closed under the bracket operation (that is, [x, y] ∈ L
for all x, y ∈ L).
Let L = L0 ⊕ L1 be a Lie superalgebra. For a homogenous element a ∈ L,
we consider a mapping ada : L→ L; b 7→ [a, b].
Definition 0.3 ([3]) A Lie superalgebra L = L0⊕L1 is called restricted (or
p-superalgebra) if there is a map
[p] : L0 → L; x 7→ x
[p],
satisfying
(i) (adx)p = ad
(
x[p]
)
for all x ∈ L0,
(ii) (kx)[p] = kpx[p] for all k ∈ F, x ∈ L0,
(iii) (x+ y)[p] = x[p]+ y[p]+
∑p−1
i=1 si(x, y) for all x, y ∈ L0 where isi(x, y) is
the coefficient of λi−1 in ad (λx+ y)p−1 (x).
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3 Restricted Hom-Lie superalgebra
Let (L, [ , ], α) be a multiplicative Hom-Lie superalgebra. For a homogeneous
element a ∈ L0 with α(a) = a, we consider a map
adαa : L→ L; b 7→ [a, α(b)].
Put L0 = {x ∈ L0 | α(x) = x}. We can easily prove that L
0 is a Hom-Lie
subsuperalgebra of L.
Definition 0.4 A multiplicative Hom-Lie superalgebra (L, [ , ], α) is called
restricted if there is a map (called a p-map)
[p] : L0 → L0; x 7→ x[p],
satisfying
(i) (adαx)
p = adα
(
x[p]
)
for all x ∈ L0,
(ii) (kx)[p] = kpx[p] for all k ∈ F, x ∈ L0,
(iii) (x+ y)[p] = x[p]+ y[p]+
∑p−1
i=1 si(x, y) for all x, y ∈ L
0 where isi(x, y) is
the coefficient of λi−1 in adα (λx+ y)
p−1 (x).
Let (L, [ , ], α, [p]) be a restricted Hom Lie-superalgebra over a field F . A
Hom-Lie subsuperalgebra H = H0 ⊕ H1 of L is called a p-subalgebra if
x[p] ∈ H0 ∀x ∈ H0.
Definition 0.5 Let (L, [ , ], α) be a Hom Lie-superalgebra, and let S be a
subset of L.
(i) A map f : L→ L is called a p-semilinear map if f(kx+ y) = kpf(x)+
f(y) ∀x, y ∈ L and ∀k ∈ F .
(ii) The α-centralizer of S in L, denoted by CL(S), is defined to be
CL(S) = {x ∈ L | [x, α(y)] = 0 ∀y ∈ S} .
In particular, if S = L, it is called the α-center of L, and it is denoted
by C(L).
The following theorem was proved by Baoling Guan and Liangyun Chen in
[4] in the setting of Hom-Lie algebras.
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Theorem 1 Let H be a Hom-Lie subsuperalgebra of a multiplicative re-
stricted Hom-Lie superalgebra (L, [ , ], α, [p]) and [p]1 : H
0 → H0 is a map.
Then the following statements are equivalent:
(i) [p]1 is a p-map on H
0,
(ii) there is a p-semilinear map f : H0 → CL(H) such that [p]1 = [p] + f .
Proof. Suppose that [p]1 is a p-map on H
0. Consider
f : H0 → L; x 7→ x[p]1 − x[p].
Since adαf(x)(y) = [f(x), α(y)] = [x
[p]1, α(y)] − [x[p], α(y)] = (adαx)
p −
(adαx)
p = 0 for all x ∈ H0, y ∈ L, f actually maps H0 into CL(H). Now, for
x, y ∈ H0 and k ∈ F , we obtain
f(kx+ y) = (kx+ y)[p]1 − (kx+ y)[p]
= kpx[p]1 + y[p]1 +
p−1∑
i=1
si(kx, y)− k
px[p] − y[p] −
p−1∑
i=1
si(kx, y)
= kpf(x) + f(y).
This shows that f is a p-semilinear map. Conversely, assume there exists a
p-semilinear map f : H0 → CL(H) with [p]1 = [p] + f . We check the three
conditions given in Definition 0.4. For x ∈ H0, y ∈ H , we have
adαx
[p]1(y) = adα(x
[p] + f(x))(y)
= adαx
[p](y) + adαf(x)(y)
= adαx
[p](y) (since f(x) ∈ CL(H))
= (adαx)
p(y).
For x, y ∈ H0, we have
(x+ y)[p]1 = (x+ y)[p] + f(x+ y)
= x[p] + y[p] +
p−1∑
i=1
si(x, y) + f(x) + f(y)
= x[p]1 + y[p]1 +
p−1∑
i=1
si(x, y).
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and, for k ∈ F , we get
(kx)[p]1 = (kx)[p] + f(kx)
= kpx[p] + kpf(x)
= kp(x[p] + f(x))
= kpx[p]1.

Corollary 1.1 Let (L, [ , ], α) be a multiplicative Hom-Lie superalgebra.
(i) If C(L) = 0, then L admits at most one p-map.
(ii) If two p-maps coincide on a basis of L0, then they are equal.
(iii) If [p] : L0 → L0 is a p-map, then there exists a p-mapping [p]′ of L such
that x[p]
′
= 0 ∀x ∈ C(L0).
Proof.
(i) Suppose [p]1 and [p]2 are p-maps of L. By Theorem 1, there exists a
p-semilinear map f from L0 into C(L) such that [p]2 = [p]1 + f , and
since C(L) = 0, we have [p]1 = [p]2.
(ii) Let [p]1 and [p]2 be two p-maps coincide on a basis B of L. According
to Theorem 1, there exists a p-semilinear map f : L0 → C(L) such that
f = [p]2− [p]1, and so f(b) = 0 ∀b ∈ B. As f is a p-semilinear, we have
f(x) = 0 ∀x ∈ L0. Thus, [p]1 = [p]2.
(iii) [p]|C(L0) is obviously a p-map. For x, y ∈ C(L
0) and k ∈ F , we have
(kx+ y)[p] = (kx)[p] + y[p] +
p−1∑
i=1
si(kx, y)
= kpx[p] + y[p] (since C(L0) is abelian).
Thus it is a p-semilinear map. Extend it to a p-semilinear map f :
L0 → C(L0). Then [p]′ := [p]− f is a p-map with x[p]
′
= 0 ∀x ∈ C(L0).

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4 Direct sum of Hom-Lie superalgebras
Let V and V ′ be two superspace. Then the homogeneous elements of the
superspace V ⊕ V ′ have the form (x, y), where x and y are homogeneous
elements of the same degrees in V and V ′, respectively. In this case, |(x, y)| =
|x| = |y|. We have the following result.
Theorem 2 Given two Hom-Lie superalgebras (L, [ , ]L, α) and (Γ, [ , ]Γ, β),
then (L⊕ Γ, [ , ]L⊕Γ, γ) has a multiplicative Hom-Lie superalgebra structure,
where the bilinear map [ , ]L⊕Γ is given by ((x1, y1) and (x2, y2) are homoge-
neous elements)
[(x1, y1), (x2, y2)]L⊕Γ = ([x1, x2]L, [y1, y2]Γ),
and the linear map γ : L⊕ Γ→ L⊕ Γ is given by
γ(x1, y1) = (α(x1), β(y1)).
Moreover, (L⊕ Γ)0 = L0 ⊕ Γ0.
Proof. Suppose that (x1, y1) and (x2, y2) are two homogeneous elements in
L⊕ Γ. Then
[(x1, y1), (x2, y2)]L⊕Γ = ([x1, x2]L, [y1, y2]Γ)
= (−(−1)|x1||x2|[x2, x1]L,−(−1)
|y1||y2|[y2, y1]Γ)
= −(−1)|x1||x2|([x2, x1]L, [y2, y1]Γ) (|x1| = |y1| and |x2| = |y2|)
= −(−1)|(x1,y1)||(x2,y2)|[(x2, y2), (x1, y1)]L⊕Γ.
For all homogeneous elements (x1, y1), (x2, y2), and (x3, y3), we have,
(−1)|(x1,y1)||(x3,y3)|[γ(x1, y1), [(x2, y2), (x3, y3)]L⊕Γ]L⊕Γ
+ (−1)|(x3,y3)||(x2,y2)|[γ(x3, y3), [(x1, y1), (x2, y2)]L⊕Γ]L⊕Γ
+ (−1)|(x2,y2)||(x1,y1)|[γ(x2, y2), [(x3, y3), (x1, y1)]L⊕Γ]L⊕Γ
= (−1)|x1||x3|[(α(x1), β(y1)), ([x2, x3]L, [y2, y3]Γ)]L⊕Γ
+ (−1)|x3||x2|[(α(x3), β(y3)), ([x1, x2]L, [y1, y2]Γ)]L⊕Γ
+ (−1)|x2||x1|[(α(x2), β(y2)), ([x3, x1]L, [y3, y1]Γ)]L⊕Γ
= ((−1)|x1||x3|[α(x1), [x2, x3]L]L, (−1)
|y1||y3|[β(y1), [y2, y3]Γ]Γ)
+ ((−1)|x3||x2|[α(x3), [x1, x2]L]L, (−1)
|y3||y2|[β(y3), [y1, y2]Γ]Γ)
+ ((−1)|x2||x1|[α(x2), [x3, x1]L]L, (−1)
|y2||y1|[β(y2), [y3, y1]Γ]Γ)
= (0, 0).
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Also, (L⊕Γ, [ , ]L⊕Γ, γ) is multiplicative, since for all homogeneous elements
(x1, y1), (x2, y2) ∈ L⊕ Γ, we have
γ([(x1, y1), (x2, y2)]L⊕Γ) = γ([x1, x2]L, [y1, y2]Γ)
= ([α(x1), α(x2)]L, [β(y1), β(y2)]Γ)
= ([(α(x1), β(y1)), (α(x2), β(y2))]L⊕Γ
= [γ(x1, y1), γ(x2, y2)]L⊕Γ.
Finally,
(L⊕ Γ)0 = {(x, y) ∈ (L⊕ Γ)0 | γ(x, y) = (x, y)}
= {(x, y) ∈ (L⊕ Γ)0 | (α(x), β(y)) = (x, y)}
= {(x, y) ∈ (L⊕ Γ)0 | α(x) = x and β(y) = y}
= L0 ⊕ Γ0.

Theorem 3 Given two restricted Hom-Lie superalgebras (L, [ , ]L, α, [p]1)
and (Γ, [ , ]Γ, β, [p]2), then (L ⊕ Γ, [ , ]L⊕Γ, γ, [p]) has a restricted Hom-Lie
superalgebras, where [ , ]L⊕Γ and γ are defined as in Theorem 2, and
[p] : (L⊕ Γ)0 → (L⊕ Γ)0; (u, v) 7→ (u[p]1, v[p]2).
Proof. According to Theorem 2, it is enough to check the three conditions
given in Definition 0.4. Let (x1, y1) ∈ L
0⊕Γ0 and (x2, y2) ∈ L⊕Γ. We have
(adγ(x1, y1))
p(x2, y2) = (adγ(x1, y1))
p−1(adγ(x1, y1))(x2, y2)
= (adγ(x1, y1))
p−1[(x1, y1), (α(x2), β(y2))]L⊕Γ
= (adγ(x1, y1))
p−1([x1, α(x2)]L, [y1, β(y2)]Γ)
= (adγ(x1, y1))
p−2
(
[x1, [x1, α
2(x2)]L]L, [y1, [y1, β
2(y2)]Γ]Γ
)
...
= ([x1, [x1, · · · , [x1, α
p(x2)]L · · · ]L]L, [y1, [y1, · · · , [y1, β
p(y2)]Γ · · · ]Γ]Γ)
= ((adαx1)
p (x2), (adβy1)
p (y2))
=
(
adαx
[p]1
1 (x2), adβy
[p]2
1 (y2)
)
=
(
[x
[p]1
1 , α(x2)]L, [y
[p]2
1 , β(y2)]Γ
)
=
[(
x
[p]1
1 , y
[p]2
1
)
, (α(x2), β(y2))
]
L⊕Γ
= adγ(x1, y1)
[p](x2, y2).
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This proves that (adγ(x1, y1))
[p] = adγ(x1, y1)
[p]. For k ∈ F, (x, y) ∈ L0 ⊕ Γ0,
we obtain
(k(x, y))[p] =
(
(kx)[p]1, (ky)[p]2
)
=
(
kpx[p]1, ky[p]2
)
= kp
(
x[p]1, y[p]2
)
= kp(x, y)[p].
Finally, for (x1, y1), (x2, y2) ∈ L
0 ⊕ Γ0, one gets
((x1, y1) + (x2, y2))
[p] = (x1 + x2, y1 + y2)
[p]
=
(
(x1 + x2)
[p]1, (y1 + y2)
[p]2
)
=
(
x
[p]1
1 + x
[p]1
2 +
p−1∑
i=1
si(x1, x2), y
[p]2
1 + y
[p]2
2 +
p−1∑
i=1
si(y1, y2)
)
=
(
x
[p]1
1 , y
[p]2
1
)
+
(
x
[p]1
2 , y
[p]2
2
)
+
(
p−1∑
i=1
si(x1, x2),
p−1∑
i=1
si(y1, y2)
)
= (x1, y1)
[p] + (x2, y2)
[p] +
p−1∑
i=1
si ((x1, y1), (x2, y2)) .

Corollary 3.1 Suppose that (L1, [ , ]L1 , α1.[p]1) , . . . , (Ln, [ , ]Ln , αn, [p]n) are
restricted Hom-Lie superalgebras. Then (L1 ⊕ · · · ⊕ Ln, [ , ]L1⊕···⊕Ln, γ, [p])
is a restricted Hom-Lie superalgebra, where the bilinear map [ , ]L1⊕···⊕Ln is
defined on homogenous elements by
[(x1, . . . , xn), (y1, . . . , yn)]L1⊕···⊕Ln = ([x1, y1]L1, . . . , [xn, yn]Ln) ,
and the linear map γ : L1 ⊕ · · · ⊕ Ln → L1 ⊕ · · · ⊕ Ln is defined as
γ(x1, . . . , xn) = (α1(x1), . . . , αn(xn)).
Also, the p-map [p] : (L1 ⊕ · · · ⊕ Ln)
0 → (L1 ⊕ · · · ⊕ Ln)
0 is given by
(x1, . . . , xn)
[p] =
(
x
[p]1
1 , . . . , x
[p]n
n
)
.
5 On morphisms of Hom-Lie superalgebras
Definition 3.1 ([1]) Let (L, [ , ]L, α) and (Γ, [ , ]Γ, β) be two Hom-Lie su-
peralgebras. An even superspace ϕ : L → Γ is said to be a morphism of
Hom-Lie superalgebras if
[ϕ(u), ϕ(v)]Γ = ϕ([u, v]L) ∀u, v ∈ L and ϕ ◦ α = β ◦ ϕ.
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If ϕ : L→ Γ is an even superspace, then the graph of ϕ is the set
Gϕ = {(x, ϕ(x) | x ∈ L} ⊆ L⊕ Γ.
Definition 3.2 A morphism of Hom-Lie superalgebra
ϕ : (L, [ , ]L, α, [p]1)→ (Γ, [ , ]Γ, β, [p]2)
is said to be restricted if ϕ
(
x[p]1
)
= (ϕ(x))[p]2 ∀x ∈ L0.
Theorem 4 A linear map ϕ : (L, [ , ]L, α, [p]1) → (Γ, [ , ]Γ, β, [p]2) is a
restricted morphism of Hom-Lie superalgebras if and only if the graph Gϕ is a
restricted Hom-Lie subsuperalgebra of (L⊕Γ, [ , ]L⊕Γ, γ, [p]) where [ , ]L⊕Γ, γ,
and [p] are defined as in Theorem 3.
Proof. Suppose ϕ : (L, [ , ]L, α, [p]1) → (Γ, [ , ]Γ, β, [p]2) is a restricted
morphism of Hom-Lie superalgebras. Let (x1, ϕ(x1)), (x2, ϕ(x2)) ∈ Gϕ. Then
[(x1, ϕ(x1)), (x2, ϕ(x2))]L⊕Γ = ([x1, x2]L, [ϕ(x1), ϕ(x2)]Γ)
= ([x1, x2]L, ϕ([x1, x2])) ∈ Gϕ.
This shows Gϕ is closed under the bracket operation. For (x1, ϕ(x1)) ∈ Gϕ,
we have
γ(x1, ϕ(x1)) = (α(x1), β(ϕ(x1))) = (α(x1), ϕ(α(x1))) ∈ Gϕ.
So far we have shown thatGϕ is a Hom-Lie subsuperalgebra. For (x1, ϕ(x1)) ∈
G0ϕ, we have
(x1, ϕ(x1))
[p] =
(
x
[p]1
1 , (ϕ(x1))
[p]2
)
=
(
x
[p]1
1 , ϕ
(
x
[p]1
1
))
∈ G0ϕ.
Conversely, suppose Gϕ is a restricted Hom-Lie subsuperalgebra of (L ⊕
Γ, [ , ]L⊕Γ, γ, [p]). Let x1, x2 ∈ L. Then [(x1, ϕ(x1)), (x2, ϕ(x2))]L⊕Γ =
([x1, x2]L, [ϕ(x1), ϕ(x2)]Γ) ∈ Gϕ, and so ϕ ([x1, x2]L) = [ϕ(x1), ϕ(x2)]Γ. For
x ∈ L, we have γ(x, ϕ(x)) = (α(x), β(ϕ(x))) ∈ Gϕ, so that ϕ(α(x)) =
β(ϕ(x)). Finally, if x ∈ L0, then we have (x, ϕ(x))[p] = (x[p]1, (ϕ(x))[p]2) ∈
Gϕ, and so ϕ(x
[p]1) = (ϕ(x))[p]2. 
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We extend, in the following theorem, the result in [1] to restricted Lie
superalgebras case. It gives a way to construct restricted Hom-Lie superal-
gebras starting from a restricted Lie superalgebra and an even superalgebra
endomorphism.
Theorem 5 Let (L, [ , ], [p]) be a restricted Lie superalgebra and α : L→ L
be an even Lie superalgebra endomorphism. Then (L, [ , ]α, α, [p]|L0), where
[x, y]α = α([x, y]) is a restricted Hom-Lie superalgebra.
Proof. The bracket is obviously super skew-symmetric. Let x, y, z ∈ L be
homogenous elements. With a direct computation, we have
(−1)|x||z|[α(x), [y, z]α]α + (−1)
|z||y|[α(z), [x, y]α]α + (−1)
|y||x|[α(y), [z, x]α]α
= (−1)|x||z|α2 ([x, [y, z]]) + (−1)|z||y|α2 ([z, [x, y]]) + (−1)|y||x|α2 ([y, [z, x]])
= α2
(
(−1)|x||z|[x, [y, z]] + (−1)|z||y|[z, [x, y]] + (−1)|y||x|[y, [z, x]]
)
= 0.
Now, the Hom-Lie superalgebra (L, [ , ]α, α) is multiplicative. Indeed, for ho-
mogeneous elements x, y ∈ L, we have α ([x, y]α) = α
2([x, y]) = [α(x), α(y)]α.
Next, we check the three conditions given in Definition 0.4. For x ∈ L0 and
z ∈ L, we have
(adαx)
p (z) = (adαx)
p−1 (adαx) (z)
= (adαx)
p−1 ([x, α(z)]α)
= (adαx)
p−1 ([x, α2(z)])
= (adαx)
p−2 ([x, [x, α2(z)]]α)
= (adαx)
p−2 ([x, [x, α3(z)]])
...
= [x, [x, · · · , [x, αp+1(z)] · · · ]]
= (adx)p (α(z))
= ad
(
x[p]
)
(α(z))
=
[
x[p], α(z)
]
= adαx
[p]|
L0 (z).
The second and the third properties are clear. 
Theorem 6 Let (L, [ , ]L, [p]1) and (Γ, [ , ]Γ, [p]2) be restricted Lie superalge-
bras, α : L→ L and β : Γ→ Γ be an even Lie superalgebra endomorphisms,
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and f : L→ Γ be a morphism of restricted Lie superalgebras with f◦α = β◦f .
Then
f : (L, [ , ]α, α, [p]1)→ (Γ, [ , ]β , β, [p]2),
where [ , ]α and [ , ]β are defined as in Theorem 5, is a morphism of restricted
Hom-Lie superalgebras.
Proof. If u, v ∈ L, we have
f ([u, v]α) = f(α[u, v]) = β ◦ f([u, v]) = β([f(u), f(v)]) = [f(u), f(v)]β.
Also. for u ∈ L0 and using L0 ⊆ L0, we obtain f
(
u[p]1
)
= (f(u))[p]2. 
Theorem 7 Let (L, [ , ]L, α) and (Γ, [ , ]Γ, β) be multiplicative Hom-Lie
superalgebras, and ϕ be a one to one morphism of Hom-Lie superalgebras. If
C is a Hom-Lie subsuperalgebra of Γ and [p] : C0 → C0 is a p-map, then(
ϕ−1(C), [ , ]L, α|ϕ−1(C), [p]
′
)
, where
[p]′ :
(
ϕ−1(C)
)0
→
(
ϕ−1(C)
)0
; x 7→ ϕ−1
(
(ϕ(x))[p]
)
,
is a restricted Hom-Lie superalgebra.
Proof. First, we show ϕ−1(C) is a Hom-Lie subsuperalgebra of L. For
x1, x2 ∈ ϕ
−1(C), there exist y1, y2 ∈ C with ϕ(x1) = y1 and ϕ(x2) = y2.
Now, ϕ([x1, x2]) = [y1, y2], implies [x1, x2] ∈ ϕ
−1(C). Also, α(x1) ∈ ϕ
−1(C)
follows from β(ϕ(x1)) = ϕ(α(x1)). Next, if x ∈ (ϕ
−1(C))
0
, then it is clear
that ϕ(x) ∈ C0. Also, for k ∈ F , we have
(kx)[p]
′
= ϕ−1
(
(ϕ(kx))[p]
)
= ϕ−1
(
(kϕ(x))[p]
)
= ϕ−1
(
k(ϕ(x))[p]
)
= k (ϕ(x))[p] = kx[p]
′
.
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Also, for x1, x2 ∈ (ϕ
−1(C))
0
we have
(x1 + x2)
[p]′ = ϕ−1 (ϕ(x1) + ϕ(x2))
[p]
= ϕ−1 (ϕ(x1) + ϕ(x2))
[p]
= ϕ−1
(
(ϕ(x1))
[p] + (ϕ(x2))
[p] +
p−1∑
i=1
si(ϕ(x1), ϕ(x2))
)
= ϕ−1
(
(ϕ(x1))
[p]
)
+ ϕ−1
(
(ϕ(x2))
[p]
)
+ ϕ−1
(
p−1∑
i=1
si(ϕ(x1), ϕ(x2))
)
= x
[p]′
1 + x
[p]′
2 +
p−1∑
i=1
si(x1, x2).
Finally, let x1 ∈ (ϕ
−1(C))
0
and x2 ∈ φ
−1(C). There exist y1 ∈ C
0 and y2 ∈ C
with ϕ(x1) = y1 and ϕ(x2) = y2. With a direct computation, we have
adαx
[p]′(x2) =
[
x
[p]′
1 , α(x2)
]
=
[
ϕ−1
(
(ϕ(x1))
[p]
)
, α(x2)
]
= ϕ−1
[
(ϕ(x1))
[p]
, ϕ ◦ α(x2)
]
= ϕ−1
[
y
[p]
1 , β(y2)
]
= ϕ−1
(
adβy
[p]
1
)
(y2)
= ϕ−1 (adβy1)
p (y2)
= ϕ−1 (adβy1)
p−1 [ϕ(x1), β(ϕ(x2))]
= ϕ−1 (adβy1)
p−1 [ϕ(x1), ϕ(α(x2))]
...
= ϕ−1[ϕ(x1), [ϕ(x1), [· · · , [ϕ(x1), ϕ(α
p(x2))] · · · ]]]
= [x1, [x1, · · · , [x1, α
p(x2)] · · · ]]
= (adαx1)
p (x2).

Theorem 8 Suppose that (L, [ , ]L, α, [p]) is a restricted Hom-Lie superalge-
bra, (Γ, [ , ]Γ, β) is a multiplicative Hom-Lie superalgebra, and ϕ : L→ Γ is a
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one to one morphism of Hom-Lie superalgebras. Then (ϕ(L), [ , ]Γ, β|ϕ(L), [p]
′)
is a restricted Hom-Lie superalgebra, where
[p]′ : (ϕ(L))0 → (ϕ(L))0; ϕ(x) 7→ ϕ
(
x[p]
)
.
Proof. For ϕ(x1), ϕ(x2) ∈ ϕ(L), we have [ϕ(x1), ϕ(x2)] = ϕ([x1, x2]) ∈ ϕ(L)
and β(ϕ(x1)) = ϕ(α(x1)) ∈ ϕ(L). For ϕ(x) ∈ (ϕ(L))
0, we have β(ϕ(x)) =
ϕ(α(x)) = ϕ(x). Since ϕ is one to one we have α(x) = x. Thus, x ∈ L0. Next,
we check the three conditions given in Definition 0.4. For ϕ(x) ∈ (ϕ(L))0
and k ∈ F , we obtain
(kϕ(x))[p]
′
= (ϕ(kx))[p]
′
= ϕ
(
(kx)[p]
)
= ϕ
(
kx[p]
)
= kϕ
(
x[p]
)
= k(ϕ(x))[p]
′
.
If ϕ(x1), ϕ(x2) ∈ (ϕ(L))
0, then we have
(ϕ(x1) + ϕ(x2))
[p]′ = (ϕ(x1 + x2))
[p]′
= ϕ
(
(x1 + x2)
[p]
)
= ϕ
(
x
[p]
1 + x
[p]
2 +
p−1∑
i=1
si(x1, x2)
)
= ϕ
(
x
[p]
1
)
+ ϕ
(
x
[p]
2
)
+ ϕ
(
p−1∑
i=1
si(x1, x2)
)
= (ϕ(x1))
[p]′ + (ϕ(x2))
[p]′ +
p−1∑
i=1
si(ϕ(x1), ϕ(x2)).
In addition, for ϕ(x1) ∈ (ϕ(L))
0 and ϕ(x2) ∈ ϕ(L), we obtain
adβ(ϕ(x1))
[p]′(ϕ(x2)) =
[
(ϕ(x1))
[p]′, β(ϕ(x2))
]
=
[
(ϕ(x1))
[p]′, ϕ(α(x2))
]
= ϕ
([
x
[p]
1 , α(x2)
])
= ϕ
(
adαx
[p]
1
)
(x2)
= ϕ ((adαx1)
p (x2))
= ϕ ([x1, [x1, · · · , [x1, α
p(x2)] · · · ]])
= [ϕ(x1), [ϕ(x1), · · · , [ϕ(x1), ϕ(α
p(x2))] · · · ]]
= [ϕ(x1), [ϕ(x1), · · · , [ϕ(x1), β
p(ϕ(x2))] · · · ]]
= (adβϕ(x1))
p (ϕ(x2)).
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6 Restrictable Hom-Lie superalgebra
Definition 8.1 A multiplicative Hom-Lie superalgebra (L, [ , ], α) is called
restrictable if (adαx)
p ∈ adαL
0 for all x ∈ L0, where adαL
0 = {adαx | x ∈
L0}.
The following theorem was obtained by Guan and Chen in [4] in the
setting of Lie algebras. We extend it to Lie superalgebra case.
Theorem 9 A multiplicative Hom-Lie superalgebra is restrictable if and only
if there is a p-map [p] : L0 → L0 which makes L a restricted Hom-Lie
superalgebra.
Proof. Suppose (L, [ , ], α, [p]) is a restricted Hom-Lie superalgebra. Let x ∈
L0. Then (adαx)
p = adαx
[p] ∈ adαL
0. Conversely, suppose that (L, [ , ], α)
is restrictable. Let {ej | j ∈ J} be a basis of L
0. Then for each j ∈ J , there
exists yj ∈ L
0 such that (adαej)
p = adαyj. Now, e
p
j − yj ∈ C(L
0), where
e
p
j = [ej, [ej , · · · , [ej , ej] · · · ]],
for if z ∈ L0, then (adαej)
p(z) − adαyj(z) = [e
p
j − yj, α(z)] = 0. Define a
function
f : L0 → C(L0);
∑
ciei 7→
∑
c
p
i (yi − e
p
i ).
Clearly f is a p-semilinear map. Set
W = {x ∈ L0 | xp + f(x) ∈ L0}.
Then W is a subspace of L0. Indeed, if x, y ∈ W and a, b ∈ F , then
(ax+ by)p+ f(ax+ by) = apxp+ bpyp+
p−1∑
i=1
si(ax, by) + k
pf(x) + f(by) ∈ L0.
Since epj + f(ej) ∈ L
0, it follows xp + f(x) ∈ L0 for all x ∈ L0. By Theorem
1, we have
[p] : L0 → L0; x 7→ xp + f(x)
is a p-map with e
[p]
j = yj. 
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Let (L, [ , ], α) be a Hom-Lie superalgebra, and let U andW be subspaces
of L. Then L is a direct sum of U and W , and we write L = U ⊕ W , if
L = U +W and U ∩W = {0}. The subspace U is a Hom-Lie ideal of L if
α(U) ⊆ U and [x, y] ∈ U for all x ∈ U and y ∈ L. We have the following
result.
Theorem 10 Let (L, [ , ], α) be a Hom-Lie superalgebra and let U and W
be Hom-Lie ideals of L with L = U ⊕W . Then, L is restrictable if and only
if U and W are restrictable.
Proof. Suppose L is restrictable. Then by Theorem 9, we have L is restricted.
Now, the result follows from the trivial fact that a subalgebra of a restricted
Hom-Lie superalgebra is restricted and Theorem 9. Conversely, suppose that
U and V are restrictable. Let x = x1 + x2, where x1 ∈ U and x2 ∈ W , be an
element of L0. Then α(x) = α(x1) + α(x2) = x1 + x2, and so x1 ∈ U
0 and
x2 ∈ W
0. As U and W are restrictable, there exist y1 ∈ Y
0 and y2 ∈ W
0
such that (adαx1)
p = adαy1 and (adαx2)
p = y2. Now,
(adα(x1 + x2))
p = (adαx1 + adαx2)
p
= (adαx1)
p + (adαx2)
p
= adαy1 + adαy2
= adα(y1 + y2).
Therefore, L is restrictable. 
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